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Abstract
It is noted that the coordinate transformations usually used to demonstrate the continuity
of geodesics at the Schwarzschild horizon are of class C0, while the standard causality theory
requires that the metric tensor to be at least C1. Then this singular metric tensor leads to the
appearance of the fictitious delta-like source in the Einstein equations, which prevents quantum
particles to enter a black hole horizon.
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Spacetime singularities are inevitable feature of many solutions of the Einstein equations [1].
The opinion that they are the result of the high degree of symmetry, or are nonphysical in some way,
contradicts to the famous singularity theorems [2,3]. These theorems show geodesic incompleteness
(currently the most acceptable criterion of existence of geometrical singularities) and assume that so
called coordinate singularities (for which the curvature invariants are finite) can be avoided ”repair-
ing” geodesics by specific singular coordinate transformations. However, singularity theorems say
little about the nature of the singularity, in some cases the curvature blows up when differentiability
dropping below the class C2.
Recall that a function is said to be of class Ck if its derivatives, up to the order k, exist and
are continuous. For example, the class C0 consists of all continuous functions, while the class C1
consists of all differentiable functions whose derivative exists and is of class C0. For a class C0
function, in general, ∫
f ′(x)dx 6= f(x) , (1)
if the integration area contains a point of discontinuity of f ′(x), some kind of regularization proce-
dure at this point is needed.
The C2-differentiability assumption plays a key role in the singularity theorems. Indeed, the
standard causality theory assumes that the metric is smooth. or is at least C2, see [3–8] for a reviews.
Some authors assume that the components of the metric tensor can be of class C1 (i.e. the second
derivatives of the metric tensor, and thus the Riemann tensor, suffer a jump discontinuity), since
there are many physically realistic systems of that type, such as the Oppenheimer-Snyder model of
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a collapsing star [9] and general matched spacetimes, see e.g. [10,11]. The issue of regularity in the
singularity theorems is often ignored despite its mathematical and physical relevance [12].
We note that spacetime singularities should be associated with reaching the limits of the physical
validity of general relativity, i.e. quantum effects can be expected to come in. Close to a singularity
gravitational field becomes strong and some physical quantities diverge. Then, in our opinion
[13–15], it is insufficient to explore this region only with the classical geodesic (Hamilton-Jacobi)
equations,
gµνp
µpν −m2 = 0 , (2)
where pν = m dxν/ds denotes relativistic 4-momentum that contain the first derivatives of coordi-
nate functions. Instead, one should use at least quasi-classical approximation and then obtain clas-
sical trajectories from the wavefunctions of quantum particles in geometrical-optical limit (eikonal
approximation) [16]. Einstein’s gravity doesn’t care about spin and close to a singularity particle
trajectories can be described, for instance, with the solutions of the Klein-Gordon equation in a
curve spacetime,
(+m2)Φ =
[
1√−g∂µ
(√−ggµν∂ν)+m2
]
Φ = 0 . (3)
For photons m = 0, while for the case of fermions one needs to obtain the equation of the type (3)
from the first order Dirac’s system.
It is known that the Klein-Gordon wave functions associated with the classical motion formally
obey the relativistic Hamilton-Jacobi equation (2) written for the same system [17]. Indeed, in
the quasi-classical approximation the scalar wave function in (3) can be expressed in terms of an
amplitude and phase, Φ = A exp(iS), where S is the Hamilton principal function, which usually is
used in the definition of the classical momentum, pν ∼ ∂νS. Then the Klein-Gordon equation (3)
reduces to the system of equations:
AS + 2∂νS∂
νA = 0 ,
A−A∂νS∂νS +m2A = 0 . (4)
The approximations needed to reduce this system to the geodesic equation (2) are: (i) Week grav-
itational field and short wavelength, S → 0; (ii) Negligible variations of the wave amplitude,
∂νA → 0 [13–15]. From the condition (i) it follows that the eikonal phase (Hamilton’s principal
function) can be written as S ∼ pνxν , where pν obeys (2). Close to a singularity the approximations
(i) and (ii) are not valid and to explore this region one needs to consider the Klein-Gordon equation
(3), not the geodesic equations (2). Unlike (2), the equation (3) contains the second derivatives of
the particle wavefunction and doesn’t gives the class C0 physical solutions.
We want to emphasize that analysis of the initial value problem for the Einstein equations leads
to the restriction that admissible coordinate transformations be of class C2 [10, 11], i.e. all the
second order partial derivatives of the metric tensor should exist and be continuous. For the case
of discontinuous surfaces, one can impose a weaker condition – the metric tensors of being of class
C1. An admissible coordinate transformation should not change the Riemann tensor, otherwise it
will lead to the introduction of the fictitious extra source in the Einstein equations. Indeed, the
class C0 coordinate transformations, xν → x¯ν , drop the differentiability of the transformed metric
tensor to C0,
g¯µν = gαβ
∂xα
∂x¯µ
∂xβ
∂x¯ν
, (5)
even if the initial metric tensor gαβ was smooth. Then g¯µν will introduce the δ-like parts in Riemann
tensor, i.e. a singular hyper-surfaces in spacetime. This means that two metric tensors, gαβ and g¯µν ,
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are the solutions of different Einstein equations and do not coincide on the surface of discontinuity.
To obtain the class C0 (continuous) metric in whole spacetime, one needs to use the Israel-type
junction conditions on this singular hyper-surface [18].
Let us as an example consider the most important singular solution of the Einstein equations –
the Schwarzschild metric,
ds2 =
(
1− rs
r
)
dt2 − dr
2
1− rs/r − r
2dθ2 − r2sin2θdφ2 , (6)
where the parameter rs = 2MG determines the Schwarzschild horizon. To explore the horizon
region the standard approach uses the classical geodesic equations (2) and introduces so called
Regge-Wheeler’s tortoise coordinate,
r¯ =
∫
dr
1− rs/r = r + rs ln
(
r
rs
− 1
)
. (7)
Then in (2) the Schwarzschild horizon ”disappears” in various singular coordinates and cannot
prevent particles to reach the central singularity [19–21]. However, the coordinate (7), which is the
function of the type (1), and the used singular coordinates, like introduced by Kruskal-Szekeres,
Eddington-Finkelstein, Lemaˆıtre, or Gullstrand-Painleve´, give δ-functions in the second derivatives,
since they contain one of the factors
√
rs − r , or ln |rs − r| . (8)
This means that transformed metric tensors at r = rs are not differentiable, i.e. are of unacceptable
class C0, not of C2, or C1. Then the Einstein equation for these metrics is altered with fictitious
δ-sources at r = rs. So, while the singular coordinate transformations (which are necessary to hide
the horizon singularity) do not cause problems on the level of the geodesic equations (2), they lead
to the appearance of δ-functions at r = rs in the second order differential equations. For instance,
the second derivatives of the metric tensor (i.e. the Riemann tensor) enters the equations of motion
of a system of particles in the quadruple approximation [22],
Dpµ
ds
= Fµ = −1
2
Rµναβu
νSαβ − 1
6
JαβγδDµRαβγδ , (9)
where Jαβγδ is the quadruple moment of the source, Sαβ is the spin tensor and uν is the 4-velocity.
Therefore, the force, Fµ, diverges at the Schwarzschild horizon, since the three from six non-zero
independent components of the mixed Riemann tensor,
Rtrrt = 2R
θ
rθr = 2R
φ
rφr =
rs
r2(rs − r) , (10)
blow up at r = rs. At the same time it is known that the Kretschmann invariant for the
Schwarzschild metric (6),
RαβγδRαβγδ =
12r2s
r6
, (11)
is seems to be regular at r = rs. However, the expression (11) is obtained from the assumption of
the type 0/0 = 1 at r = rs. The same is true for the determinant of Schwarzschild’s metric tensor,
where the product of its components, gtt · grr, is ill-defined at r = rs. In general gtt and grr are
independent functions and the cancelation of their zeros is accidental, since follows from the validity
of the vacuum Einstein equations. However, exact spherical symmetry and true vacuums are rarely,
if ever, observed.
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In our opinion, the conclusion of absence of physical singularities in the points where all geo-
metrical invariants of the Riemann spacetime are regular, is mathematically correct only for at least
class C2 metric tensors. For the lower classes, in addition, the behaviors of quantum particles should
be considered, since geometry does not exist separately from matter. For instance, in the strong
gravitational field close to the Schwarzschild horizon, one can use solutions of the exact second order
equation (3), and not only of the classical geodesic equations (2). In our previous papers we have
explored the equation (3) in Schwarzschild’s coordinates, without performing singular coordinate
transformations [13–15]. Using physically boundary conditions at the Schwarzschild horizon, we
have found the real-valued exponentially time-dependent solutions (with the complex phases). So
quantum particles probably do not enter the horizon around of a compact object, but are absorbed
and some are reflected by it. Similar solutions with the complex phase was obtained also in [23],
were it was nevertheless assumed that classical geodesics are extendable across the horizon. But
in this paper the horizon point was removed by the introduction of the infinitesimal integration
contours around the propagators pole.
To conclude, in this short article we note that the Regge-Wheeler’s tortoise radius and the
singular coordinate transformations of metric tensor, used to demonstrate continuity of geodesics
at Schwarzschild horizon, are class C0 functions. At the same time, the standard causality theory
requires that the metric tensor to be at least C1 function, i.e. whose derivative exists and is
continuous. For the case when components of the transformed metric tensor is class C0, its first
derivatives are discontinues and the second derivatives lead to the appearance of the fictitious δ-
like sources in the Einstein equations. So, while the singular coordinate transformations (which
are necessary to hide the horizon singularities) do not cause problems on the level of the classical
geodesic equations (which contain the first derivatives of the coordinate functions), they lead to
the appearance of δ-functions in the equations of quantum particles (which contain the second
derivatives of wavefunctions). The consequence of this observation is that the minimal radius of
any isolated body is its Schwarzschild radius and quantum particles probably do not enter the
black hole horizon (but are absorbed and some are reflected by it), what potentially can solve
some longstand problems. Note that the generally accepted assumption that quantum particles can
freely fell through the event horizon contradicts a unitary quantum theory and leads to the another
problem – the black hole information paradox (see the recent review [24]).
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